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Abstract

We derive a novel method to determine the parameters for regularized super-resolution problems, addressing both the traditional
regularized super-resolution problem with single- and multiple-parameters and the simultaneous super-resolution problem with two
parameters. The proposal relies on the Joint Maximum a Posteriori (JMAP) estimation technique. The classical JMAP technique
provides solutions at low computational cost, but it may be unstable and presents multiple local minima. We propose to stabilize the
JMAP estimation, while achieving a cost function with an unique global solution, by assuming a gamma prior distribution for the
hyperparameters. The resulting fidelity is similar to the quality provided by classical methods such as GCV, L-curve and Evidence,
which are computationally expensive. Experimental results illustrate the low complexity and stability of the proposed method.
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1. Introduction

In many applications it is desirable that the acquisition sys-
tem provides an image with the best possible resolution, while
introducing minimum distortions due to imperfections of the
image sensor and the optical system. However, the cost of im-
age acquisition systems, like digital cameras, camcorders and
scanners, increases with the resolution of the sensor and with
the quality of the optical system. An alternative to improve
the resolution and the quality of captured images, without in-
creasing the cost of the system, is to employ digital processing
techniques to achieve super-resolution (SR).

Research on SR methods dates back to the 90’s when the au-
thors in [1, 2] employed Fourier domain methods. Since then,
many approaches have been proposed, including projections
onto convex sets (POCS) [3, 4], non-uniform interpolation [5]
and iterative back-projection [6, 7]. Regularized SR approaches
based on maximum a posteriori (MAP) and regularized least
squares appeared in [8, 9, 10, 11]. In general, regularized ap-
proaches are based on the minimization of a cost function com-
posed by a term associated with the residual between the esti-
mated high-resolution (HR) frame and the low-resolution (LR)
frames, plus another term, called the prior term, used to regu-
larize the problem. The regularization parameter controls the
influence of the prior term in the resulting solution. In many
papers, the regularization parameter is assumed to be known a
priori, but in most cases it is unknown and needs to be deter-
mined from the data.

Since regularized SR methods rely on inverse problems the-
ory [12, 13], many methods for inverse problems have been
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used to find the regularization parameter in SR. For instance,
the Generalized Cross Validation (GCV), a widely used method
for inverse problems [13], was applied to SR in [14]. In [15],
the L-curve based method [12], in which the chosen parame-
ter is the one that produces the point of maximum curvature
(L-MC) in the L-curve, was proposed for SR problems. GCV
and L-MC provide high quality solutions, however their com-
putational cost is high. Alternative faster methods are proposed
in [16, 17, 18]. Other possible methods are those developed for
image restoration problems such as [19, 18, 20].

One of the difficulties in SR is the existence of motion error
between frames. The motion error, caused by imprecise motion
estimation or by the occlusion of objects moving in the scene,
reduces the effectiveness of SR methods and generates some
artifacts in the estimated HR image [21, 22]. To overcome this
problem, [9, 23, 24] propose to weight the equations associated
to the LR frames independently. However, the choice of proper
weighting values to reduce the influence of the frames corrupted
by motion errors without completely excluding them from the
estimation is a difficult problem. In practice, the weighting val-
ues as well as the regularization parameter have to be estimated
from the data, which increases the complexity of the problem.
The joint determination of the weights and the regularization
parameter, simply called multi-parameter problem in this pa-
per, is addressed in [21, 22]. In [25], a multi-parameter version
of [26], called Evidence, is proposed to solve the problem. The
method is stable and provides good quality results. However, it
is computationally demanding for general SR problems since,
like GCV, it requires computing the trace of the inverse of a
matrix. In [25], the method is applied only to block-circulant
matrices. Methods based on the gradient, as in [21, 22], esti-
mate the HR frame and the parameters at each iteration. These
methods have been shown to be stable and are, in general, faster
than Evidence but the quality of the estimated frames is inferior.
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More recently, simultaneous SR methods have been pro-
posed in [27, 28, 29, 30]. These methods estimate all frames
of an image sequence in a single process. Two different kinds
of prior are employed, one to achieve spatial smoothness and
other to achieve higher similarity of the HR frames in the mo-
tion trajectory. That is, at least two parameters are necessary,
and to the best of our knowledge, a proper method to find the
regularization parameters for these techniques has not been pro-
posed yet.

This paper addresses the parameters determination for both
the traditional regularized SR problem with a single and with
multiple parameters and the simultaneous SR problem with two
parameters. These regularized SR algorithms are reviewed in
Section 2. In Section 3, the problem of parameters estima-
tion is addressed using the Joint Maximum a Posteriori (JMAP)
estimation technique [31, 32]. The classical JMAP approach,
which assumes uniform density for the hyperparameters is, in
general, unstable [32]. This work assumes a gamma probability
density for the hyperparameters in order to produce a stable al-
gorithm with an unique global solution. The proposed method
is also closely related to the L-curve method in [16] where the
chosen parameter produces a point in the L-curve tangent to
a line with negative slope. Section 4 presents experiments to
illustrate the low computational cost of the proposed method,
while producing estimations with the same quality as classical
methods such as GCV [14], L-curve [12] and Evidence [26, 25].
Section 5 concludes this paper.

2. Review of Regularized SR Methods and Models

In this section, the traditional regularized SR problem and the
simultaneous SR problem are reviewed, considering the single-
and multi-parameter case for the former, and the two-parameter
case for the latter.

2.1. Single- and Multi-Parameter Traditional Super-Resolution

Traditional regularized SR algorithms [33, 34] exploit the
entire sequence of LR frames to produce a single HR frame.
The equation that describes the single-parameter traditional SR
method is:

f̂k = arg min
fk

L∑
j=1

‖g j − C j,kfk‖
2
2 + λk‖Rkfk‖

2
2 (1)

In equation (1), g j is a vector of size N × 1 that represents the
LR frame captured at the time instant j. The elements of the
vector correspond to the pixels of the respective frame, lexico-
graphically ordered. The vector fk, of size M×1, represents the
HR image at instant k, where N ≤ M. The matrix C j,k = D jM j,k

combines the acquisition matrix D j and the motion matrix M j,k.
The matrix D j, of size N × M, represents the acquisition pro-
cess applied to the motion transformed HR image f j. It models
the blurring, caused in the lens and in the image sensor, and
the subsampling, which implies the reduction of the number of
pixels from the HR frame to the LR frame. The matrix M j,k, of
size M × M, represents the motion transformation, or warping.

It can be created either from a discretized continuous motion
operator [35, 31], where a parametric motion is assumed, or
from a discrete motion vector field [36, 37].

In general, SR is an ill-posed2 problem [34, 38, 13, 12]. An
alternative to achieve an unique and stable solution is to em-
ploy a regularization or prior term, represented by ‖Rkfk‖

2
2 in

(1). The matrix Rk, of size P × M, is usually a discrete differ-
ential operator, obtained by either employing a finite difference
operator (in the horizontal, vertical and diagonals directions) or
a Laplacian operator. The regularization parameter, λk, which
varies according to the temporal position k of the HR frame
being estimated, dictates the influence of the prior term in the
solution. In this method it is assumed that the data error has the
same variance for all frames. Equation (1) can be represented
in condensed form as

f̂k = arg min
fk

‖ggg −CCCkfk‖
2
2 + λk‖Rkfk‖

2
2 (2)

where the data ggg = [gT
1 . . . g

T
L ]T is a LN × 1 vector and CCCk =

[CT
1,k . . .C

T
L,k]T is a LN × M matrix.

Multi-parameter traditional SR algorithms also employ the
entire sequence of LR frames to produce one HR frame [9, 10,
24]. However, in these algorithms it is assumed that the noise
level on the data is different for each frame, specially due to
different levels of motion error in each frame. Thus the equa-
tions related to the LR frames are weighted individually. The
multi-parameter traditional methods are described by:

f̂k = arg min
fk

L∑
j=1

α j,k‖g j − C j,kfk‖
2
2 + λk‖Rkfk‖

2
2 (3)

where α j,k is the weighting applied to each frame. The α j,k

tend to be small with the temporal distance between the frames,
|k − j|, mainly because of the decreasing of the similarity of the
frames.

2.2. Simultaneous Super-Resolution
The simultaneous algorithms estimate the entire sequence

of HR frames in a single process. This approach allows the
inclusion of the motion matrix in the prior term, improving
the quality of the estimated image sequence. The simultane-
ous approach was originally proposed in [27], and improved
in [28, 29] where the computational cost was reduced by re-
moving the terms with the combined acquisition and motion
matrix from the data term. The minimization problem, accord-
ing to [28], is

f̂1, . . . , f̂L = arg min
f1,...,fL

L∑
k=1

‖gk − Dkfk‖
2
2

+ λR

L∑
k=1

‖Rkfk‖
2
2 + λM

L−1∑
k=1

‖fk −Mk,k+1fk+1‖
2
2 (4)

2An ill-posed problem is a mathematical problem that has, at least, one of
the following features: it has no solution; it has an infinite number of solutions;
or the solution is not stable due to small perturbations in the data [13, 12].
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where ‖fk−Mk,k+1fk+1‖
2
2 models the motion difference in the mo-

tion trajectory. Equation (4) uses a first order finite difference
model but second or arbitrary order models can also be used
[28, 29, 30]. Observe that the entire HR sequence is estimated
simultaneously. Also observe that only the acquisition matrix
Dk is utilized in the data term [28, 29, 30]. In these methods
at least two parameters are necessary. The parameter λR con-
trols the spatial smoothness of the images, while λM controls
the similarity of the estimated images in the motion trajectory.
Equation (4) can be rewritten as

f̂̂f̂f = [f̂T
1 . . . f̂

T
L ]T = arg min

fff
‖ggg−DDDfff ‖22+λR‖RRRfff ‖22+λM‖MMM fff ‖22 (5)

where ggg = [gT
1 . . . g

T
L ]T is the LR sequence, fff = [fT

1 . . . f
T
L ]T is

the HR sequence, DDD, RRR are block diagonals defined by DDD =

diag(D1, · · · ,DL) and RRR = diag(R1, · · · ,RL), and

MMM =


I −M1,2 · · · 0
...

. . .
. . .

...
0 · · · I −ML−1,L

 (6)

for the first order motion difference, as used in (4), where I is
the identity matrix.

3. Proposed Method to Estimate the Parameters

This section describes the novel approach to estimate the pa-
rameters based on the joint maximum a posteriori (JMAP) esti-
mation. Also, a brief review of the classical JMAP for single-
parameter problems is provided, followed by the development
of the proposed method, optimization schemes, and the exten-
sion of the method for problems with multiple-parameters.

3.1. Review of the Joint Maximum a Posteriori Estimation

JMAP is a Bayesian estimator that focus on the estimation of
the HR images and the parameters together [39, 32]. Here, the
classical JMAP is presented for single-parameter SR methods
according to (2). The time index k of the image, as in fk, is
omitted for clarity. The JMAP estimative is:

f̂, θ̂, β̂ = arg max
f,θ,β

ρ(f, θ, β|ggg)

= arg min
f,θ,β

[
− lnρ(ggg|f, θ)− lnρ(f|β)− lnρ(θ)− lnρ(β)

]
(7)

where ρ(f, θ, β|ggg) is the posterior density, ggg is the data vector,
or the LR image sequence, f is a vector representing the HR
image, θ is the hyperparameter of the data density ρ(ggg|f, θ), and
β is the hyperparameter of the image prior density ρ(f|β). The
functions ρ(θ) and ρ(β) are the prior densities assigned to the
hyperparameters, also known as hyperpriors [26, 39]. The data
density and the image prior density are the same used in the
maximum a posteriori (MAP) estimations. Let us assume the
following Gaussian densities

ρ(ggg|f, θ) =
1

(2πθ)LN/2 e
−

‖ggg −CCCf‖22
2θ (8)

where θ, in this case, is the variance of the data error, and

ρ(f|β) =
1

(2πβ)M/2 e
−

‖Rf‖22
2β (9)

In this work we assume that θ and β are independent of each
other. This assumption implies that the hyperparameter for a
class of images of interest is not statistically related to the noise
variance of the acquisition system.

In the MAP estimation, the hyperparameters are assumed to
have fixed values [39]. So there is no need to estimate them. In
this case the regularization parameter is λ = θ/β. On the other
hand, in the JMAP estimation the hyperparameters are also ran-
dom values that need to be estimated from the data as well as
the HR image. Thus, in the same way that an image prior is
needed for the estimation of the HR image, the hyperpriors are
needed for the estimation of the hyperparameters.

The works in [26, 32] employ uniform densities for the hy-
perpriors, so the values are equiprobable, therefore ρ(θ) ∝ cte
and ρ(β) ∝ cte, for 0 < θ, β < ∞. The JMAP estimation with
these hyperpriors becomes:

f̂, θ̂, β̂ = arg min
f,θ,β

‖ggg −CCCf‖22
2θ

+
LN
2

ln θ +
‖Rf‖22

2β
+

M
2

ln β + cte.

(10)
From equation (10), it is possible to find the hyperparameter

for a fixed f, differentiating equation (10) with respect to the hy-
perparameters and setting it to zero. This leads to the following
closed form solutions:

θ̂ =
‖ggg −CCCf‖22

LN
, β̂ =

‖Rf‖22
M

(11)

for the data hyperparameter and for the image hyperparameter,
respectively. One can observe that the JMAP estimation of the
parameters, with uniform density, is similar to the Maximum
Likelihood (ML) estimation of the parameters [32].

Upon substituting (11) into equation (10), the following op-
timization problem for the HR images is encountered

f̂ = arg min
f

ln(‖ggg −CCCf‖22) +
M
LN

ln(‖Rf‖22). (12)

Calculating the gradient of the cost function in (12) one sees
that the minimizer f̂ is the solution of

CCCTCCC + λRT Rf = CCCTggg (13)

where λ is:

λ =
θ

β
=

M
LN
‖ggg −CCCf‖22
‖Rf‖22

(14)

This statistical method has great similarity with the deter-
ministic L-Curve method proposed in [16]. An analysis in [16]
shows that L-Curve in log-log scale is non-convex. Also, the
constraining of λ is required to find a proper local minimum. In
the Bayesian statistical sense, constrains on λ can be expressed
by defining proper hyperparameter priors [39, 26]. When em-
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ploying uniform densities, as done in the classical JMAP, λ is
not constrained properly and unstable estimates may be encoun-
tered. More restrictive hyperpriors, on the other hand, may pro-
duce a stable estimative and a globally convex problem with a
unique minimum.

3.2. Proposed Method

The instability of the classical JMAP estimative, according to
(12), is reported in [26, 21]. An approach to stabilize JMAP by
employing a proper hyperprior for general inverse problems is
reported in [39]. This work proposes an alternative hyperprior
which is able to lead the JMAP to a unique and stable estimative
of the parameters. In the JMAP method, the density of the data
or the prior density of the images is connected with the density
of its respective hyperparameter. For example, the image prior,
ρ(f|β), may enforce that the HR image is smooth, constraining
the estimative to smooth images. The associated hyperparame-
ter, β, defines “how smooth” is the resulting image. However,
when an uniform density is assigned to the hyperparameter, as
ρ(β) ∝ cte, then it is implicitly assumed that an oversmooth
image, like a constant intensity value image, when β → 0, is
as likely to occur as a noisy image, like the one produced by
a completely unregularized estimation, when β → ∞. There-
fore, a more adequate prior density to the hyperparameters is
desirable.

A better hyperprior should prevent the hyperparameter to
reach very extreme values. The desired prior density for the
hyperparameters needs to enforce positive values and provides
low probability for very low or very high values. Several can-
didate densities which present these desirable properties were
evaluated for this problem, including gamma, inverse-gamma,
log-normal, Maxwell, Rayleigh and Weibull densities. The
gamma density, with specific parameters that makes it similar
to the chi-squared density, has been shown practical and theo-
retical advantages over the alternatives.

The gamma density provides the constraining necessary to
stabilize the problem, making the cost function convex in the
entire domain and the solution unique. Besides, the resulting
estimation processes is quite simple and cheaper, making the
analysis less complex. Conceptually, it is shown in [40] that the
sum of squared Gaussian random values, as observed in (11),
leads to random values with chi-squared density [40], which is
a particular case of the gamma density. This point suggests that
the gamma is an adequate density to the problem. Thus, the
gamma density is proposed for the hyperparameters, with spe-
cific parameters that makes it similar to the chi-squared density.

The gamma densities for the hyperparameters are given by

ρ(θ) =
θa−1b−a

Γ(a)
e
−
θ

b , ρ(β) =
βc−1d−c

Γ(c)
e
−
β

d (15)

where a and c are the scale factors, b and d are the shape factors,
and Γ(x) is the gamma function [40]. Also, E{θ} = ab, var{θ} =

ab2, E{β} = cd and var{β} = cd2.

Substituting the gamma densities in equation (7) leads to:

f̂, θ̂, β̂ = arg min
f,θ,β

‖ggg −CCCf‖22
2θ

+
LN
2

ln θ − (a−1)ln θ +
θ

b
+

‖Rf‖22
2β

+
M
2

ln β − (c−1)ln β +
β

d
+ cte (16)

Note that when a = LN/2 + 1 and c = M/2 + 1, the gamma
density has nearly the same shape as the chi-squared density.
These values for a and c will be used in our development,
they provide a necessary condition to achieve a globally con-
vex problem. The b and d will be replaced by expressions
involving the expected values of the hyperparameters, namely
b = E{θ}/a = mθ/a and d = E{β}/c = mβ/c. Assigning the
mentioned values for a, c, b and d, and applying some algebra,
equation (16) reduces to:

f̂, θ̂, β̂ = arg min
f,θ,β

‖ggg −CCCf‖22
2θ

+
θ(LN + 2)

2mθ
+
‖Rf‖22

2β
+
β(M + 2)

2mβ

(17)
Differentiating equation (17) with respect to the hyperparam-

eters, for fixed f, leads to the following estimative

θ̂ =
√

mθ
‖ggg −CCCf‖2
√

LN + 2
, β̂ =

√
mβ
‖Rf‖2
√

M + 2
. (18)

Substituting the results in (18) into (17), gives

f̂ = arg min
f

√
LN + 2
√

mθ
‖ggg −CCCf‖2 +

√
M + 2
√mβ

‖Rf‖2 (19)

which reduces to

f̂ = arg min
f
‖ggg −CCCf‖2 + µ‖Rf‖2 (20)

where

µ =

√
mθ(M + 2)
mβ(LN + 2)

=
√

mλ

√
(M + 2)
√

(LN + 2)
(21)

with mλ being an average value for λ. Considering the gradi-
ent of the cost function in (20) we see that the solution of this
optimization problem is found when

CCCTCCC + λRT R = CCCTggg (22)

where the λ enters as regularization parameter defined by

λ = µ
‖ggg −CCCf‖2
‖Rf‖2

. (23)

In equation (23) the value of µ is required. One can deter-
mine it by exploiting knowledge about the problem from the
average values mθ and mβ, as shown in equation (21). Alter-
natively, this work proposes to determine µ by performing an
analysis of the estimation error. This analysis is provided in the
Appendix A.1. The experiments presented in Section 4 illus-
trate the performance of this choice.

The proposed method can also be expressed as the L-curve
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method, similar to the method proposed in [16], however con-
sidering the L-curve in sqrt-sqrt scale. The analysis of the L-
curve, also provided in [16], demonstrates that the L-curve in
sqrt-sqrt scale is convex.

3.3. Proposed Optimization Method

This work proposes two optimization methods to find the pa-
rameters and the HR images. The first method provides an al-
ternated procedure. Given an initial value λ0, for n > 0 the HR
image is estimated by

fn = arg min
f
‖ggg −CCCf‖22 + λn‖Rf‖22 (24)

and the minimization process is performed, until convergence,
using the iterative linear Conjugated Gradient (CG) [13, 41].
The parameter is updated using

λn+1 = µ
‖ggg −CCCfn‖2

‖Rfn‖2
(25)

and the HR image is re-estimated with the new parameter. This
alternated procedure stops when |λn+1 − λn|/λn is a sufficiently
small value. Observe that convergence of the iteration proce-
dure (24) amounts to convergence of (25) which is noting but a
fixed-point sequence of the form

λn+1 = µΦ(λn), with Φ(λn) =
‖ggg −CCCfn‖2

‖Rfn‖2
. (26)

The convergence properties of the fixed-point sequence relies
on the fact that Φ(λ) increases with λ. For details, the reader is
referred to [42].

The second method provides a direct minimization of the op-
timization problem (20) using Non-Linear Conjugated Gradient
(NL-CG), where, at each iteration, the parameters and the HR
images are updated. This procedure is described in the Ap-
pendix A.2. Convexity of the cost function assures that, at the
convergence point, both procedures satisfy (23), indicating the
that both optimization problems provide the same solution.

3.4. Extension to Multi-parameter Problems

The proposed method can be extended to the multi-parameter
problems. For the traditional multi-parameter SR in (3), the
proposed estimation problem is:

f̂k = arg min
fk

L∑
j=1

γ j,k‖g j − C j,kfk‖2 + µk‖Rkfk‖2 (27)

Observe that only the norm, not the squared norm, is consid-
ered in equation (27). The associated cost function is also con-
vex. It is obtained by applying similar assumptions used on the
single-parameter problem [43]. The equivalent parameters of
the proposed method are:

α j,k = γ j,k
‖gk − Dkfk‖2

‖g j − C j,kfk‖2
(28)

for the weighting, and

λk = µk
‖gk − Dkfk‖2

‖Rkfk‖2
(29)

for the regularization parameter. In the experiments section we
illustrate the performance of the method with γ j,k and µk pre-
sented in the Appendix A.1.

For the simultaneous SR method, from equation (5), the pro-
posed optimization problem to be solved is

f̂̂f̂f = arg min
fff
‖ggg −DDDfff ‖2 + µR‖RRRfff ‖2 + µM‖MMM fff ‖2 (30)

Similar assumptions about the density of hyperparameters in
the JMAP development for the simultaneous problem leads to
this proposed method, which also preserves the convexity of the
associated cost function. Comparing the solution of (5) and the
solution of (30) one can see that the equivalent regularization
parameters of the proposed method are

λR = µR
‖ggg −DDDfff ‖2
‖RRRfff ‖2

(31)

for the spatial smoothness term, and:

λM = µM
‖ggg −DDDfff ‖2
‖MMM fff ‖2

(32)

for the term responsible for the similarity of the HR frames in
the motion trajectory. The proposed µR and µM , used in the
experiments of the Section 4, are presented in the Appendix
A.1. The two optimization procedures proposed in the Section
3.3 can be employed to solve the problems (27) and (30).

4. Experiments

The following experiment evaluates the performance of the
methods in finding the parameters for the SR algorithms dis-
cussed in this paper. Given an HR image sequence, with known
or previously estimated motion, the simulated acquisition pro-
cess was performed, employing the average of a squared area
of R × R pixels with subsampling factor of R, where R can be
2 and 3, and an additive white Gaussian noise with variance
adjusted to achieve a fixed SNR3. Three situations were consid-
ered: high acquisition noise, with SNRA=20dB, medium noise,
with SNRA=30dB, and low noise, with SNRA=40dB. These
noise levels are the typical levels found in commercial image
sensors4 [44].

The three SR algorithms reviewed in Section 2 were uti-
lized to recover the HR sequence. For each SR algorithm sev-
eral available methods were used to determine the parameters.
The quality of the HR sequence recovered with the parame-
ters found by a particular method is measured in terms of SNR

3The acquisition SNR is defined as SNRA = 10 log10(σ2
DDDfff /σ

2
ηηη), where σ2

DDDfff

is a LR noise free sequence variance and σ2
ηηη is the noise variance.

4Typical acquisition SNR may vary from 10dB to 40dB, depending on the
exposure [44].
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[19]. Computational effort of each method was evaluated by
considering the time it takes for convergence, where conver-
gence is assumed to be reached when the improvement in qual-
ity is less 10−2 dB. This procedure was repeated using 20 ran-
dom realizations of the noise, for each noise level. The entire
experiment was repeated for each image sequence of a total of
6 different image sequences. In some of the sequences, the mo-
tion was artificially generated without considering occlusions
in the scene, whereas in other sequences, which are from real
video sequences, the motion was estimated using the optical
flow method [45]. In this case, linear interpolated versions of
the LR images were employed. The estimated motion vectors
are not completely reliable in this case, therefore, occlusions
and motion errors occur in several places in the sequence. In
this evaluation, the procedure of detection and removal of the
occlusion regions was not considered in order to evaluate the
performance of the methods in finding the proper parameters to
reduce the distortions caused by these errors.

At the end of this section, some visual experiments applying
SR in real video sequences are performed, without simulated
acquisition. In this case, a procedure of detection and removal
of the occlusion regions was considered [46] to achieve the best
visual quality.

The methods used to find the parameters are mentioned be-
low. All of them are used in the single-parameter traditional SR
and some of them in conjunction with multi-parameters tradi-
tional SR. Concerning the parameter method for simultaneous
SR, only the classical JMAP and the proposed method are uti-
lized. The implemented methods are:

GCV - Generalized Cross Validation, as described in [14].
L-MC - A L-curve method, where the parameter provides

the point of maximum curvature as proposed in [15].
K-HE - A deterministic method proposed in [22].
EVID - The statistical method Evidence, proposed in [25].

To apply this method to non block-circulant matrices, the trace
of the inverse matrix is statistically estimated using the same
procedure as in [14].

JMAP - The classical JMAP approach [32, 26] as equation
(12), using GC to find the HR images with (11) to update the
parameters.

PROP-1 - Proposed method using the alternated procedure
with GC to find the HR images and with (25) to update the
parameters.

PROP-2 - Proposed method with direct minimization using
GC-NL as presented in Appendix A.2.

All these methods are iterative. The Conjugate Gradient
method is used in GCV, L-MC, EVID, JMAP and in the pro-
posed method to find the HR images. K-HE is limited to Gradi-
ent method. The same initial conditions are considered: the ini-
tial HR image is a null image, and the initial parameters is ran-
domly chosen from 10−6 to 106. Beside these methods, the re-
sults obtained by the following pre-determined parameters were
also compared:

KNOWN - Employs the MAP estimative where the param-
eters are known a priori. Since the noise and the original HR
images are known in the experiments, the hyperparameters are

computed without difficulties. This method is used as reference
only, since it cannot be used in practice.

INTERP - Estimative with the parameters obtained from ap-
plying the maximum likelihood in equation (11), employing an
interpolated version of the LR images. This approach assumes
that the interpolated image is a good substitute for the original
HR image in order to find the hyperparameters.

4.1. Experiments with Single-Parameter Traditional SR Algo-
rithm

Average quality, measured by SNR, standard deviation, and
relative computational cost of estimated images and its parame-
ters using each method are shown in Table 1. Relative computa-
tional cost, denoted by CT, is expressed in terms of the ratio of
the cost (in time) of each method to that required by KNOWN.
Visual results are presented in Figures 1 and 2.

Table 1: Average of the SNR, in dB, the standard deviation (STD) and the rela-
tive computational time (CT) for the single-parameter traditional SR algorithm

Method R=2 SNRA=20dB R=2 SNRA=40dB R=3 SNRA=30dB
SNR STD CT SNR STD CT SNR STD CT

GCV 20.8 1.8 63.9 22.7 2.6 77.6 18.0 1.1 141.1
L-MC 20.3 1.6 58.0 23.3 1.4 84.9 19.1 1.7 243.2
K-HE 18.7 0.9 21.3 20.9 1.0 35.5 16.8 0.9 53.2
EVID 20.2 1.1 52.1 23.1 1.5 51.5 18.9 1.2 231.7
JMAP 10.9 10.1 7.2 7.9 12.2 11.4 13.3 4.9 47.1

KNOWN 19.8 0.9 1.0 23.4 0.9 1.0 18.3 1.0 1.0
INTERP 18.1 1.0 1.2 20.2 1.1 1.6 17.4 1.6 5.1
PROP-1 20.8 1.0 6.9 23.3 1.3 10.1 20.0 1.8 31.2
PROP-2 20.8 1.0 1.1 23.3 1.3 1.2 20.0 1.8 2.7

(a) JMAP (SNR=18.1dB) (b) PROP-1 (SNR=23.4dB)

(c) JMAP (SNR=7.4dB) (d) PROP-1 (SNR=23.8dB)

Figure 1: Visual results of an image of the sequence Boat, (a) and (b) from
one realization and (c) and (d) from a different realization, with R=2 and
SNRA=20dB.

Table 1 shows average quality results (SNR) and correspond-
ing standard deviations (STD) for 6 different sequences and 20
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realizations. One can observe that the quality of the proposed
method is as good as the quality obtained by the best classical
methods, such as GCV, L-MC and EVID. The high standard de-
viation illustrates that the JMAP method is unstable, as reported
in [21, 26]; during the experiments it diverged many times.

Figure 1 illustrates the instability problem of the classical
JMAP approach. Note that the JMAP result depicted in Figure
1(a) seems reasonable, but in Figure 1(c), that shows the results
for another realization, it is seen that JMAP diverges produc-
ing a constant intensity image, which is unacceptable for a SR
method. The proposed method, on the other hand, is very sta-
ble. The visual results present the same level of smoothness in
figures 1(b) and 1(d).

(a) Captured Image (b) GCV (SNR=15.8dB)

(c) L-MC (SNR=16.2dB) (d) K-HE (SNR=14.6dB)

(e) EVID (SNR=16.1dB) (f) KNOWN (SNR=15.5dB)

(g) PROP-1 (SNR=16.0dB) (h) Original Image

Figure 2: Visual result of an image of the sequence Flower Garden, with R=2
and SNRA=40dB.

Figure 2 presents the results for a sequence with real video,
which presents motion errors. In this case, the regularization
parameter needs to provide enough smoothness in the image to
avoid the amplification of noise and the motion errors. The dis-
tortions caused by the motion errors occur, mainly, around the

tree in this scene. Notice that all parameter determination meth-
ods enforce smoothness around the tree which results in blur-
ring of this region. One way to reduce the problem caused by
the motion errors in the traditional SR method is by the proper
weighting of the LR frames. This is done in the multi-parameter
traditional SR method.

Table 1 also illustrates the computational cost of each
method. The results illustrate that the proposed method PROP-
1 provides lower computational cost than the existing methods,
with cost similar to the one provided by the classical JMAP ap-
proach. Moreover, the proposed method PROP-2, that utilizes
direct minimization through NL-CG, provides even lower com-
putational cost. The cost of the proposed method PROP-2 is
similar to the cost of a CG minimization with fixed parameters.

4.2. Experiments with Multi-Parameter Traditional SR Algo-
rithm

The average quality of the estimated images, its standard de-
viation and the relative computational time together with the
parameters found by the respective method are shown in Table
2. Some visual results are shown in the Figure 3.

Table 2 shows that the quality obtained by the proposed
method is satisfactory and similar to the results of KNOWN.
Also, the computational cost results illustrate the low computa-
tional cost provided by the proposed method. The performance
of the proposed method was superior than the K-HE, recently
developed for the multi-parameter traditional SR.

Table 2: Average of the SNR, in dB, the standard deviation (STD), and the
relative computational time (CT) for multi-parameter traditional SR algorithm

Method R=2 SNRA=20dB R=2 SNRA=40dB R=3 SNRA=30dB
SNR STD CT SNR STD CT SNR STD CT

K-HE 16.5 1.9 20.6 17.8 2.2 21.6 14.0 2.4 46.0
EVID 20.8 1.6 90.2 23.7 2.5 190.0 19.3 1.1 466.1
JMAP 15.3 6.1 66.5 18.4 6.2 58.6 11.6 3.6 84.3

KNOWN 22.0 0.6 1.0 26.6 0.5 1.0 20.9 1.1 1.0
INTERP 14.7 0.6 3.1 14.5 0.6 3.0 14.5 1.3 12.1
PROP-1 22.7 0.9 15.1 26.1 1.6 16.7 21.2 1.9 31.2
PROP-2 22.7 0.9 1.8 26.1 1.6 4.3 21.2 1.9 2.7

Figure 3 illustrates the performance of the methods in con-
trolling the weighting in order to avoid the distortions caused
by the large motion errors. One can see that the results of the
proposed method were very similar to the results of KNOWN.
Also, in this example, one can see that the distortions caused by
the occlusions were not completely removed, but they were sig-
nificantly attenuated. The complete removal of these distortions
requires the use of a robust SR method [47], or an occlusion and
motion error detection and removal procedure [46].
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(a) Captured Image (b) K-HE (SNR=14.7dB)

(c) EVID (SNR=16.2dB) (d) KNOWN (SNR=17.1dB)

(e) PROP-1 (SNR=17.2dB) (f) Original Image

Figure 3: Visual results from an image of the sequence Flower Garden, with
R=3 and SNRA=30dB.

4.3. Experiments with Two-Parameter Simultaneous SR Algo-
rithm

The average quality of the estimated images with the param-
eters found by the respective method, its standard deviation,
and the relative computational time are shown in Table 3. One
can observe in Table 3 that the quality obtained by the pro-
posed method was superior to the obtained by KNOWN. Un-
fortunately, up to now there is no other method to determine the
parameters for the simultaneous SR methods in order to com-
pare with the proposed method, except for the classical JMAP
approach. Notice that the JMAP method was more stable with
the simultaneous SR method than with the traditional SR meth-
ods, showing lower standard deviation.

The results from Table 3 also illustrate the computational
cost of the methods. The classical JMAP approach was very
fast with the simultaneous SR methods and faster than PROP-
1. However, the proposed method PROP-2 was even faster.
The computational cost of PROP-2 is comparable with the cost
taken by the CG with fixed parameters, such as KNOWN or
INTERP.

Table 3: Average of the SNR, in dB, the standard deviation (STD), and the rela-
tive computational time (CT) for the two-parameter simultaneous SR algorithm

Method R=2 SNRA=20dB R=2 SNRA=40dB R=3 SNRA=30dB
SNR STD CT SNR STD CT SNR STD CT

JMAP 22.6 1.1 5.8 24.0 1.2 3.9 20.0 2.0 8.1
KNOWN 22.1 0.4 1.0 26.4 0.5 1.0 20.8 1.2 1.0
INTERP 18.3 0.4 0.7 19.2 0.6 0.6 16.6 1.4 1.3
PROP-1 23.1 0.4 13.0 26.8 0.6 12.0 21.2 2.0 25.7
PROP-2 23.1 0.4 1.3 26.8 0.6 2.0 21.2 2.0 3.1

4.4. Example with Practical SR Algorithm

(a) Image at original resolution (b) SR over the original

Figure 4: Visual results comparing the original frame of the sequence Flower
Garden with the same frame, where a resolution improvement factor of R=3
was applied.

Figure 4 shows a result without artificial degradation and re-
covering, using R = 3. For this visual experiment, the original
sequence is assumed to be the captured sequence and used as
test problem for the simultaneous SR method with occlusion
and motion error detection and removal [46] procedures. The
enhancement of the resolution of the SR method over the origi-
nal image can be clearly noticed. The regularization parameter
was determined by the proposed method.

5. Conclusions

In this paper, a technique to determine the parameters for
super-resolution methods is proposed. The proposed technique
can be applied to the traditional regularized super-resolution
problem with one parameter and with multiple parameters, and
also to the simultaneous super-resolution problem with two
parameters. The problem of parameters estimation has been
addressed with the Bayesian theory, using Joint Maximum a
Posteriori (JMAP) estimation. A gamma density is proposed
for the hyperparameters in order to provide a globally convex
cost function, resulting in a unique solution. The proposed
method is also similar to the L-curve methods in [16], however
with sqrt-sqrt scale, which is a convex function. The proposed
method provides very low computational cost and produces es-
timated images with the same quality as the ones provided by
classical methods. We provide a set of experiments to illustrate
the superior efficiency and stability of the proposed technique
when compared with other competing methods.
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A. Appendix

A.1. Alternative choice of parameter µ

This section presents an alternative choice of µ based on the
analysis of the estimation error. The advantage of this choice
is that it does not depend on the knowledge of mθ and mβ, as
described in equation (21).

According to inverse problems theory [12, 13], the estima-
tion error, eλ, can be split into three components

eλ = f − fλ = ecte + eη(λ) + es(λ) (33)

Here ecte is an error vector that does not depend on λ, eη(λ)
is the error caused by the amplification of the noise, which
is significant when λ is very small (smaller than the optimal
value), and es(λ) is the error caused by excessive regulariza-
tion (oversmoothing), which becomes dominant when λ is very
large (larger than the optimal value). The estimation error satis-
fies ‖eλ‖2 ≤ ‖ecte‖2+‖eη(λ)‖2+‖es(λ)‖2, and the assumption used
through the analysis is that the minimizer of ‖eλ‖2 is rather close
to the minimizer of ‖eη(λ)‖2 + ‖es(λ)‖2, as illustrated further in
the Figure 5(c). The choice of µ will then result as a conse-
quence of relating ‖eη(λ)‖2 to ‖Rfλ‖2 and ‖es(λ)‖2 to ‖ggg−CCCfλ‖2.
The key tool for the analysis is the generalized singular value
decomposition (GSVD).

Given the matrices CCC of size LN × M, and R of size P × M
with LN ≥ M ≥ P, the GSVD of the pair (CCC,R) reads:

CCC =

M∑
i=1

uiσixT
i , R =

P∑
i=1

viνixT
i (34)

where the ui and vi are column vectors of orthonormal matrices,
and xT

i are the rows of a non singular matrix X with inverse
Y = [y1, y2, . . . , yM]. The scalars νi are ordered so that 1 >
ν1 ≥ ν2 ≥ . . . ≥ νP > 0 and the scalars σi are ordered so that
0 < σ1 ≤ . . . ≤ σP < σP+1 = . . . = σM = 1. The generalized
singular values are γi = σi/νi, for i = 1, . . . , P. Further details
about the GSVD can be found in [12].

Based on the GSVD, the vectors that compose the error can
be expressed as

es(λ) =

P∑
i=1

 λ

γ2
i + λ

 (xT
i f

)
yi (35)

and

eη(λ) = −

P∑
i=1

 γ2
i

γ2
i + λ

 ( ηi

σi

)
yi (36)

where η stands for noise on the data and ηi = uT
i η. Additionally,

if d(λ) = ggg −CCCfλ and w(λ) = Rfλ, using the GSVD it follows
that

d(λ) =

P∑
i=1

 λ

γ2
i + λ

 (σi(xT
i f) + ηi

)
ui + η⊥ (37)

and

w(λ) =

P∑
i=1

 γ2
i

γ2
i + λ

 (νi(xT
i f) +

νiηi

σi

)
vi (38)

Comparison of (35) with (37), and (36) with (38) leads to:

d(λ) = CCCes(λ) + ηFILT (λ) + η⊥ (39)

where ηFILT (λ) =
∑P

i=1

(
λ

γ2
i +λ

)
(ηi) ui, and:

w(λ) = −Reη(λ) + RfFILT (λ) (40)

where fFILT (λ) =
∑P

i=1

(
γ2

i

γ2
i +λ

)
(xT

i f)yi.

In order to relate ‖es(λ)‖2 to ‖ggg−CCCfλ‖2 the following approx-
imation is used

‖d(λ)‖2 ≈ ‖CCCes(λ)‖2 + ‖ηFILT (λ)‖2 + ‖η⊥‖2 (41)

From this it follows that:

‖d(λ)‖2/‖es(λ)‖2 ≈ c(λ) + NS (λ) (42)

where NS (λ) = (‖ηFILT (λ)‖2 + ‖η⊥‖2)/‖es(λ)‖2 and c(λ) =

‖CCCes(λ)‖2/‖es(λ)‖2. Observe that the Rayleigh quotient of CCCTCCC
guarantees that c(λ)2 is necessarily between the smallest and
the largest eigenvalue of CCCTCCC. The approximation considered
in (42) is not good in general, but it is quite acceptable in SR
problems, as illustrated in Figure 5(a). Further, since the exces-
sive regularization error becomes dominant for large λ, NS (λ)
gets small and (42) reduces approximately to:

‖d(λ)‖2/‖es(λ)‖2 ≈ c(λ) (43)

Concerning this approximation, exhaustive numerical simula-
tions showed that c(λ)2 behaves nearly as a constant which
can be roughly approximated by the mean of the eigenvalues
of CCCTCCC, obtained through

√
tr(CCCTCCC)/M, where tr(CCCTCCC) is the

trace of the matrix CCCTCCC, see Figure 5(a). Thus for large λ the
approximation (43) can be rewritten as

‖es(λ)‖2 ≈
√

M‖ggg −CCCfλ‖2/
√

tr(CCCTCCC). (44)

Proceeding as before one can see that for small λ

‖w(λ)‖2/‖eη(λ)‖2 ≈ r(λ) + DA(λ) (45)

where r(λ) = ‖Reη(λ)‖2/‖eη(λ)‖2, with r(λ)2 ranging between
the smallest and the largest eigenvalue of RT R, and DA(λ) =

‖RfFILT (λ)‖2/‖eη(λ)‖2. Since the amplified noise error ‖eη(λ)‖2
is predominant when λ is very small, thereby implying that
DA(λ) gets small, the above approximation can also be sim-
plified to yield ‖w(λ)‖2/‖eη(λ)‖2 ≈ r(λ). Numerical simulations
showed that for small λ, r(λ) behaves approximately as a con-
stant which can be roughly approximated by the mean of the
eigenvalues of RT R, see Figure 5(b). This results in:

‖eη(λ)‖2 ≈
√

M‖Rfλ‖2/
√

tr(RT R) (46)

Finally, since ‖es(λ)‖2 dominates ‖eη(λ)‖2 for large λ, and
‖eη(λ)‖2 dominates ‖es(λ)‖2 for small λ, taking into account
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(44) and (46) it is reasonable to expect that for all λ

‖es(λ)‖2 + ‖eη(λ)‖2 ≈ cte · (‖ggg −CCCfλ‖2 + µ‖Rfλ‖2) (47)

with
µ =

√
tr(CCCTCCC)/

√
tr(RT R) (48)

The effect of µ is illustrated in Figure 5(c). Observe that,
with the proposed µ, the curve (λ, ‖ggg−CCCfλ‖2 +µ‖Rfλ‖2) reaches
its minimum (black diamond mark) at a point very close to the
minimum (small circle) of the error curve (λ, ‖eλ‖2), which jus-
tifies the choice of µ according to (48).

(a) Behavior of ‖d(λ)‖2/‖es(λ)‖2

(b) Behavior of ‖w(λ)‖2/‖eη(λ)‖2

(c) Behavior of ‖eλ‖2 and ‖ggg − CCCfλ‖2 + µ‖Rfλ‖2 with µ according to
(48), also ‖es(λ)‖2 and ‖eη(λ)‖2

Figure 5: Graphic illustration of analysis concerning the choice of µ.

A.1.1. Extension for Multi-parameter Problems
Following the ideas of the single-parameter problem, the pa-

rameters γ j,k and µk used in (27) can be chosen as

γ j,k = 1/(1 + | j − k|) (49)

to reduce the influence of the LR frames far apart in time, and

µk =

√
tr(DT

k Dk)/
√

tr(RT
k Rk) (50)

Parameters µR and µM used in (30) can be chosen as:

µR =
√

tr(DDDT DDD)/
√

2tr(RRRTRRR) (51)

and:
µM =

√
tr(DDDT DDD)/

√
2tr(MMMT MMM) (52)

These suggestions are used in the experiments of section 4.

A.2. Non-Linear Conjugate Gradient

The direct minimization of the equation (20) can be per-
formed efficiently using non-linear CG [13, 41], presented in
Table 4

Table 4: Non-Linear Conjugate Gradient

n := 0;
f0 := initial HR image guess
λ0 := initial parameter guess;
r0 := CCCT (CCCf0 − ggg) + λ0RT Rf0 initial gradient
p0 := −r0 initial search direction
e0 := ‖rrr0‖

2

CG iterations
hn := CCCTCCCpn + λnRT Rpn step search A
τn := pT

n rn/pT
n hn step search B

fn+1 := fn + τnpn HR image update
rC

n+1 := CCCfn+1 − ggg gradient part update A
rR

n+1 := Rfn+1 gradient part update B
λn+1 := µ‖rC

n+1‖2/‖r
R
n+1‖2 new λ

rn+1 := CCCT rC
n+1 + λn+1RT rR

n+1 final gradient update
en+1 := ‖rn+1‖

2

βn := en+1/en

pn+1 := −rn+1 + βnpn search direction update
n := n + 1

End CG iteration

The method stops when a specified number of iterations n is
reached or when en+1 becomes lower than a specified tolerance,
values lower than 10−6 are reasonable for images.
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