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We describe a method for automatic determination of the regularization parameters for the class of
simultaneous super-resolution (SR) algorithms. This method, proposed in (Zibetti et al., 2008c), is based
on the joint maximum a posteriori (JMAP) estimation technique, which is a fast alternative to estimate
the parameters. However, the classical JMAP technique can be unstable and may generate multiple local
minima. In order to stabilize the JMAP estimation, while achieving a cost function with a unique global
solution, we derive an improved solution by modeling the JMAP hyperparameters with a gamma prior
distribution. In this work, experimental results are provided to illustrate the effectiveness of the proposed
method for automatic determination of the regularization parameters for the simultaneous SR. Moreover,
we contrast the proposed method to a reference method with known fixed parameters as well as to other
parameter selection methods based on the L-curve. These results validate the proposed method as a very
attractive alternative for estimating the regularization parameters.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Many applications are benefited by acquisition systems that
provides images with the best possible resolution, while introduc-
ing minimum distortions due to imperfections of the image sensor
and the optical system. However, the cost of image acquisition sys-
tems, like digital cameras, camcorders and scanners, increases with
the resolution of the sensor and with the quality of the optical sys-
tem. An interesting alternative to improve the resolution and the
quality of captured images, without increasing the cost of the sys-
tem, is to employ digital processing techniques to achieve super-
resolution (SR).

Research on super-resolution algorithms began in the 1990s
with pioneer works, as Tsai and Huang (1984), which employed
Fourier domain methods. Since then, different approaches have
been developed, including projections onto convex sets (POCS)
(Stark and Oskoui, 1989; Tekalp et al., 1992), non-uniform interpo-
lation (Aizawa et al., 1992) and iterative back-projection (Irani and
Peleg, 1991, 1993). Regularized SR approaches based on maximum
a posteriori (MAP) and regularized least squares appeared in
(Schultz and Stevenson, 1996; Hong et al., 1997). Traditionally, reg-
ularized approaches minimize a cost function composed by the
residual associated with the estimated high-resolution (HR) frame
plus another term, called the prior term, used to regularize the
ll rights reserved.
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problem (Park et al., 2003). In these approaches, the regularization
parameter scales the influence of the prior term in the resulting
solution. In most SR methods, the parameter is assumed to be
known by some way. In the majority of practical cases, the param-
eter as well as the HR images must be estimated from the data.

In simultaneous SR methods, proposed in (Borman and Steven-
son, 1999; Zibetti and Mayer, 2005, 2006, 2007), all frames of an
image sequence are estimated in a single process. Two different
kinds of priors are employed, one to achieve spatial smoothness
and other to achieve higher similarity of the HR frames in the mo-
tion trajectory. In these problems at least two parameters are nec-
essary. Interesting multiple parameter selection methods for
general inverse problems have been studied in (Belge et al.,
2002; Hansen, 1998). These methods, however, have not been ap-
plied for simultaneous super-resolution. We have addressed this
problem in (Zibetti et al., 2008c). In this work, which is an ex-
tended version of Zibetti et al. (2008c), the following novelties
are provided: (a) more details in the derivation of the method pro-
posed in (Zibetti et al., 2008c); (b) two possible implementations of
the method, explained in details and with a pseudocode; and (c)
more comprehensive experiments to evaluate the performance of
the proposed method, contrasting to other competitive multiple
parameter methods such as Belge et al. (2002).

In this paper, we address the problem with two parameters in
the simultaneous SR. Section 2 provides a detailed description of
system models used in this work. The simultaneous SR algorithm
with fixed regularization parameters is reviewed in Section 2.2.
In Section 3, the new method with automatic determination of
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1 The name outlier in the literature of statistics is a bad element or measure, usually
of large magnitude, that does not follow the underlying statistical assumption (Huber,
1981).

2 An ill-posed problem is a mathematical problem that has, at least, one of the
following features: it has no solution; it has an infinite number of solutions; or the
solution is not stable due to small perturbations in the data (Vogel, 2002; Hansen,
1998).
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the parameters is proposed using the joint maximum a posteriori
(JMAP) estimation technique (Mohammad-Djafari, 1996). The clas-
sical JMAP approach, which assumes uniform density for the
hyperparameters is, in general, unstable (Mohammad-Djafari,
1996). To circumvent this, we assume a gamma probability density
for the hyperparameters which results in a stable algorithm with a
unique global solution. In Section 3.3, two detailed implementa-
tions of the method are proposed. One is based on non-linear con-
jugated gradient (Vogel, 2002), the other proposed implementation
is based on alternated minimization of updating the parameters
and re-solving a linear system with conjugated gradient (Vogel,
2002; Golub and Loan, 1996). Section 4 presents experiments,
comparisons and discussions to illustrate the performance. Some
new experiments, which provide some insights about the proposed
algorithm are shown in this section. Section 5 concludes this paper.

2. Review of the simultaneous SR methods with fixed
parameters

This section describes the models adopted in the super-resolu-
tion algorithms and presents the simultaneous super-resolution
algorithm with fixed parameters.

2.1. System models used in super-resolution

Most of the super-resolution algorithms adopts the following
models: acquisition model, motion model, and the image model.
This section reviews this models and gives some insights on how
they fit in simultaneous SR methods.

2.1.1. Acquisition model
This model describes the transformations imposed to the

images during the acquisition process. In this model, the observed
data are the low-resolution (LR) images. The model is described in
the following equation:

gk ¼ Dkf k þ gk ð1Þ

where gk is a vector, of size N � 1, that represents the LR frame cap-
tured at the instant k. The elements of the vector gk correspond to
the pixels of the LR frame, lexicographically ordered. The size
N ¼ N1N2 is the number of pixels, where N1 � N2 is the size of the
LR frame in the horizontal and vertical directions, respectively.
The vector f k, of size M � 1, represents the HR image, of size
M1 �M2, with M ¼ M1M2 pixels ordered lexicographically, where
N 6 M.

The vector gk represents acquisition noise, which is usually as-
sumed to be i.i.d. with normal distribution and presenting the
same variance r2

g for all frames (Bovik, 2000). The matrix Dk, of size
N �M, represents the acquisition transformation applied to the HR
image f k. It models the distortions due to the optics imperfections
and to the subsampling, which reduces the number of pixels from
the HR frame to the LR frame (Park et al., 2003).

2.1.2. Motion model
This model describes the transformations caused by the relative

motion among objects in the frames of the sequence. It assumes
that the frame in the temporal instant k can be represented by
the frame in the temporal instant j, with the motion compensated,
plus a new information ek;j, which cannot be obtained from the
frame in the instant j. The equation that describes the model is:

f k ¼Mk;jf j þ ek;j ð2Þ

where f k and f j are vectors that represent the frames in the tempo-
ral instants k and j, respectively. The matrix Mk;j, of size M �M, rep-
resents the motion transformation, or warping (Stiller and Konrad,
1999). This matrix is usually very sparse (Saad, 1995). Most of the
elements in an arbitrary line m are equal to zero, except for: (1)
one element with unitary value, in the column n, that represents
the displacement of the pixel n in f j to the position m in f k; (2) a
few non-zero elements, which corresponds to the linear combina-
tion of determined pixels (interpolation) of f j to generate the pixel
m in f k. This occurs due to sub-pixel displacements in the high-res-
olution grid.

The matrix Mk;j can be created either from a discretized contin-
uous motion operator (Borman and Stevenson, 2004; Barrett and
Myers, 2004), where a parametric motion is assumed, or from a
discrete motion vector field (Stiller and Konrad, 1999; Schultz
et al., 1998). The vector ek;j, also called motion error, is the new
information in the frame k that cannot be obtained from the frame
in the instant j. This new information is usually originated by small
errors in the estimation of the motion parameters, by limitations of
the discretized motion operator in properly representing the con-
tinuous motion, or by outliers1 (Huber, 1981). In the context of mo-
tion, an outlier is usually a region or an object that has been occluded
by another object or due to objects that suddenly appear in the scene
or regions that suffered unexpected motion (Hasler et al., 2003).

It is important to notice that the outliers cause distortions in the
HR image estimation. In order to avoid these distortions, a detec-
tion and removal procedure (Schultz et al., 1998; Borman and Ste-
venson, 1999) or an outlier robust SR algorithm (Farsiu et al., 2004;
Zibetti and Mayer, 2006, 2007) can be employed. Another approach
to reduce these distortions is to control the parameters related to
the similarity of the images in the motion trajectory. This work
evaluates the performance of the parameter determination meth-
ods in finding the proper values in order to produce a balance be-
tween reduction of the distortions caused by large motions errors
and maximization of the frame similarity to achieve SR.
2.1.3. Image model
In general, super-resolution is an ill-posed problem2 either be-

cause it has infinite possible solutions or because it has great sensi-
tivity to the noise (Park et al., 2003; Borman and Stevenson, 1998;
Vogel, 2002). In order to solve this problem and to obtain a unique
and stable solution, most super-resolution algorithms exploit addi-
tional information about the desired images.

The additional information most commonly used is to assume
that the images are smooth, which implies that the intensity vari-
ations of f k are relatively small (Bovik, 2000; Srivastava, 2002).
This additional information is, in general, expressed as a side pen-
alty of the form:

DðRkf kÞ
bR

ð3Þ

where DðxÞ is a chosen penalty and bR is the hyperparameter, re-
lated to the standard deviation. The matrix Rk, of size P �M, repre-
sents a discrete differential operator, either employing a finite
difference operator (in the horizontal, vertical and diagonals direc-
tions) or a Laplacian operator. The resulting vector of Rkf k empha-
sizes the intensity variations of f k. Usually, the same operator is
considered for all images in the sequence.

In this work it is considered the squared ‘2 norm as a chosen
penalty, where DðxÞ ¼ kxk2

2 ¼
P

ijxij2. This norm helps to estimate
smooth images and provides a resulting optimization algorithm
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with relatively low computational complexity. Many works (Sri-
vastava, 2002; Stevenson et al., 1994; Bouman and Sauer, 1993)
indicate the preference for images with sharp edges. The Huber
norm, as well as the ‘1 norm, are able to better preserve the edges
of the estimated HR frames, in contrast to the ‘2 norm. Moreover,
recent studies on compressive sampling theory (Candes et al.,
2006; Candes and Wakin, 2008), which is based on ‘1 norm mini-
mizations, has found theoretical bounds that shows exactly recon-
structing HR images with much fewer captured samples is possible
(without multiple LR frames). However, the determination of the
correct parameter utilizing ‘1 and Huber norms is a more difficult
problem and will be addressed in future research. This paper focus
on methods for determining the hyperparameter bR associated
with the squared ‘2 norm only.

2.2. Simultaneous SR methods with fixed regularization parameters

The simultaneous algorithms estimate the entire sequence of
HR frames in a single process. This approach allows the inclusion
of the motion matrix in the prior term, improving the quality of
the estimated image sequence. The simultaneous approach was
originally proposed in (Borman and Stevenson, 1999), and im-
proved in (Zibetti and Mayer, 2005, 2006, 2007) where the compu-
tational cost was reduced by removing the terms with the
combined acquisition and motion matrix from the data term. The
minimization problem, according to Zibetti and Mayer (2007), is

f̂ 1; . . . ; f̂ L ¼ arg min
f 1 ;...;f L

XL

k¼1

kgk � Dkf kk
2
2 þ kR

XL

k¼1

kRkf kk
2
2 þ kM

�
XL�1

k¼1

kf k �Mk;kþ1f kþ1k
2
2 ð4Þ

where the sum of kgk � Dkf kk2
2 composes the data term, which en-

forces the similarity between the estimated sequence and the cap-
tured data. The prior term has two components: the component
kRkf kk2

2 enforces the images to be smooth, which is based on the
image model; the component kf k �Mk;kþ1f kþ1k2

2 enforces the
images to be similar, minimizing the finite difference in the motion
trajectory, which is based on the motion model. The regularization
parameters, kR and kM , dictates the influence of each prior term in
the solution. This regularized method is also the same deduced
from the MAP estimative, as will be shown in Section 3.

Note that in (4) the entire HR sequence is estimated simulta-
neously, where only the acquisition matrix Dk is utilized in the data
term (Zibetti and Mayer, 2007). In traditional SR methods, the HR
frames are estimated one-by-one and the data term includes a sys-
tem which combines the motion model and the acquisition model.
Moreover, whereas a first order finite difference model is used for
the priors in (4), a second or arbitrary order models can also be
used (Zibetti and Mayer, 2007).

Eq. (4) can be rewritten as

f̂ ¼ arg min
f
kg � Df k2

2 þ kRkRf k2
2 þ kMkMf k2

2 ð5Þ

where g ¼ gT
1 � � � gT

L

� �T is the LR sequence, f ¼ f T
1 . . . f T

L

� �T is the HR
sequence, D, R are block diagonals defined by D ¼ diagðD1; . . . ;DLÞ
and R ¼ diagðR1; . . . ;RLÞ, and

M ¼

I �M1;2 � � � 0

..

. . .
. . .

. ..
.

0 � � � I �ML�1;L

2
664

3
775 ð6Þ

for the first order motion difference, as used in (4), where I is the
identity matrix.

Note that the parameters kR and kM are assumed to be known
and fixed values in (4) and (5). Since different values for the param-
eters lead to different resulting HR images, in order to be success-
ful, the estimation process in (4), or (5), require proper values for
these parameters, which are usually unknown in practical prob-
lems. This paper presents a new method to address the joint esti-
mation of these parameters along with the HR images.

3. Proposed automatic determination of the regularization
parameters

This section describes the proposed approach to estimate the
parameters based on the joint maximum a posteriori (JMAP) esti-
mation. JMAP is a Bayesian estimator that focus on the estimation
of the HR images and the parameters together (Mohammad-Dja-
fari, 1996).

3.1. Classical JMAP

The general JMAP estimative is given as:

f̂ ; ĥ; b̂R; b̂M ¼ arg max
f ;h;bR ;bM

qðf ; h; bR; bMjgÞ ð7Þ

where qðf ; h;bR;bMjgÞ is the posterior density, g are the LR images, f
are the HR images, h, is the data hyperparameter, and bR and bM are
the hyperparameters of the image sequence prior density, and

qðf ; h;bR;bM jgÞ / qðgjf ; hÞqðhÞqðf jbR; bMÞqðbR; bMÞ ð8Þ
Functions qðhÞ, qðbRÞ and qðbMÞ are the prior densities assigned to
the hyperparameters, also known as hyperpriors (Mohammad-Dja-
fari, 1996). The data density, qðgjf ; hÞ, and the image prior density,
qðf jbR; bMÞ, are the same as used in MAP estimation. Let us assume
the following Gaussian densities

qðgjf ; hÞ ¼ ð2pÞ�LN=2

ðhÞLN=2 e�
1
2

kg�Df k2
2

h ð9Þ

where h, in this case, is the variance of the acquisition noise in the
data, r2

g , assumed in (1) and

qðf jbR;bMÞ /
ð2pÞ�LM=2

br
Rb

m
M

e
�1

2

kRf k2
2

bR
þ
kMfk2

2
bM

h i
ð10Þ

where r ¼ a � rankðRÞ, m ¼ a � rankðMÞ, considering that rankðRÞþ
rankðMÞP LM, we have a ¼ LM=½rankðRÞ þ rankðMÞ�. In this work
h is assumed independent of bR and bM . Observe that, according to
(10), bR is related to the image smoothness, from the image model
in (3), and bM is related to the images similarity in the motion tra-
jectory, from the motion model in (2).

In MAP estimation the hyperparameters are assumed to have
fixed values (Mohammad-Djafari, 1996; Molina et al., 2003), lead-
ing to (5), whereas in JMAP estimation, the hyperparameters are
random values that need to be estimated from the data as well
as the HR image. Thus, in the same way that an image prior is
needed for the estimation of the HR image, the hyperpriors are
needed for the estimation of the hyperparameters.

The classical JMAP assumes uniform densities for the hyperp-
riors as in (Mohammad-Djafari, 1996; Molina et al., 2003), where
the values are equiprobable, therefore qðhÞ / cte and
qðbR; bMÞ / cte, for 0 < h; bR; bM <1. The JMAP estimation with
these hyperpriors becomes:

f̂ ; ĥ; b̂R; b̂M ¼ arg min
f ;h;bR ;bM

Wðf ; h;bR;bMÞ ð11Þ

for:

Wðf ; h;bR;bMÞ ¼
kg � Df k2

2

2h
þ LN

2
ln hþ kRf k2

2

2bR
þ r

2
ln bR

þ kMf k2
2

2bM
þm

2
ln bM þ cte ð12Þ



Table 1
First implementation: CG + parameter updating.

n :¼ 0;
f 0 :¼ initial HR image guess

kR
0 :¼ initial image smoothness parameter kR;

kM
0 :¼ initial motion similarity parameter kM;

b ¼ DT g calculate data
initiate iterations

An :¼ DT Dþ kR
nRT Rþ kM

n MT M calculate matrix

f n :¼ solve via CGðAnf ¼ bÞ new HR image
rD

n :¼ g � Df n calculate data error

rR
n :¼ Rf n calculate image smoothness

rM
n :¼Mf n calculate motion difference

kR
nþ1 :¼ lR rD

n

�� ��
2= rR

n

�� ��
2

new kR

kM
nþ1 :¼ lM rD

n

�� ��
2= rM

n

�� ��
2

new kM

n :¼ nþ 1
End iteration

Table 2
Second implementation: NL-CG (image and parameter updated together).

n :¼ 0;
f 0 :¼ initial HR image guess

kR
0 :¼ initial image smoothness parameter kR;

kM
0 :¼ initial motion similarity parameter kM;

r0 :¼ DT ðDf 0 � gÞ þ kR
0RT Rf 0 þ kM

0 MT Mf 0 initial gradient

p0 :¼ �r0 initial search direction

e0 :¼ kr0k2

NL-CG iterations

hn :¼ DT Dpn þ kR
nRT Rpn þ kM

n MT Mpn
step search A

sn :¼ pT
nrn=pT

nhn step search B
f nþ1 :¼ f n þ snpn HR image update
rD

nþ1 :¼ Df nþ1 � g gradient part update A

rR
nþ1 :¼ Rf nþ1 gradient part update B

rM
nþ1 :¼Mf nþ1 gradient part update C

kR
nþ1 :¼ lR rD

nþ1

�� ��
2= rR

nþ1

�� ��
2

new kR

kM
nþ1 :¼ lM rD

nþ1

�� ��
2= rM

nþ1

�� ��
2

new kM

rnþ1 :¼ DT rD
nþ1 þ kR

nþ1RT rR
nþ1 þ kM

nþ1MT rM
nþ1

final gradient update

enþ1 :¼ krnþ1k2

bn :¼ enþ1=en

pnþ1 :¼ �rnþ1 þ bnpn search direction update
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From (11) it is possible to find the hyperparameters for a fixed f ,
differentiating (12) with respect to the hyperparameters and set-
ting the result to zero, as below for h:

�kg � Df k2
2

2h2 þ LN
2

1
h
¼ 0 ð13Þ

This leads to the following closed form solutions:

ĥ ¼ kg � Df k2
2

LN

b̂R ¼
kRf k2

2

r
; b̂M ¼

kMf k2
2

m

ð14Þ

for the data hyperparameter and for the image sequence hyperpa-
rameters, respectively. By substituting (14) into Eq. (12), leads to:

f̂ ¼ arg min
f

ln kg � Df k2
2

� �
þ r

LN
ln kRf k2

2

� �
þ m

LN
ln kMf k2

2

� �
ð15Þ

The minimizer in (15) is shown to be the solution of

LN
DT Df � DT g

kg � Df k2
2

þ r
RT Rf

kRf k2
2

þm
MT Mf

kMf k2
2

¼ 0 ð16Þ

which can be expressed as:

ðDT Dþ kRRT Rþ kMMT MÞf ¼ DT g ð17Þ

where kR and kM are:

kR ¼
r

LN
kg � Df k2

2

kRfk2
2

kM ¼
m
LN
kg � Df k2

2

kMf k2
2

ð18Þ

Unfortunately, the cost function in (15) is non-convex3 and the
estimation is unstable (Molina et al., 2003). It requires proper con-
straining to avoid divergence. In (Bazán and Francisco, 2009), an
optimization with divergence detection has been proposed for one-
parameter problems, in order to make (18) useful. However, in the
Bayesian statistical sense, constraints can be expressed by defining
proper hyperparameter priors (Mohammad-Djafari, 1996). When
employing uniform densities, as done in the classical JMAP, the
hyperparameters are not properly constrained and generate a unsta-
ble estimator. More restrictive hyperpriors, on the other hand, can
lead to a stable estimator, or, from another point of view, to a glob-
ally convex problem with a unique minimum.

3.2. Proposed method

The instability of the classical JMAP estimative, according to
(15), is reported in (Molina et al., 1999; Lee and Kang, 2003; Zibetti
et al., 2008b). An approach to stabilize JMAP by employing a proper
hyperprior for general inverse problems is reported in (Moham-
mad-Djafari, 1995). This work proposes an alternative hyperprior
which is able to lead the JMAP to a unique and stable estimative
of the parameters. This approach was originally derived in (Zibetti
et al., 2008b) for one-parameter SR problems, in (Zibetti et al.,
2008a) for multiple data weighting in traditional SR problems,
and in (Zibetti et al., 2008c) for multiple parameters in simulta-
neous SR methods, in which this paper is an extension.

In the JMAP method, the density of the data or the prior den-
sity of the images is connected with the density of its respective
hyperparameter. For example, consider only the use of the
smoothness prior, qðf jbRÞ, which enforces the HR images to be
3 Since the logarithm operator is a non-convex operator, so is a sum of logarithms.
smooth. The associated hyperparameter, bR, defines ‘‘how
smooth” is the resulting image. However, when an uniform den-
sity is assigned to the hyperparameter, as qðbRÞ / cte, then it is
implicitly assumed that an oversmooth image, like a constant
intensity value image, when bR ! 0, is as likely to occur as a noisy
image, like the one produced by a completely unregularized esti-
mation, when bR !1. The other extreme choice for the hyperpa-
rameter prior is to assume qðbRÞ as a Dirac delta function, i.e., an
impulse in a fixed value for bR, which leads (8) to (5). The Dirac
delta choice is the most possible constraining choice for the
hyperparameters.

Therefore, a proper hyperprior density should be found be-
tween the uniform and the delta density. It should prevent the
hyperparameter to reach very extreme values, but it must allow
them to fluctuate among a range of candidate values. Moreover,
the desired prior density for the hyperparameters needs to enforce
positive values and provide low probability for very low or very
high values.

Among several candidates, the gamma density, with specific de-
signed parameters to make it similar to the chi-squared density,
has been shown practical and theoretical advantages over the
n :¼ nþ 1
End NL-CG iteration
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alternatives. The gamma densities for the hyperparameters are gi-
ven by

qðhÞ ¼ hða�1Þb�a

CðaÞ e�
h
b ð19Þ

qðbR;bMÞ ¼
bðc�1Þ

R bðh�1Þ
M d�ci�h

CðcÞCðhÞ e�
bR
d þ

bM
i

� �
ð20Þ

where a, c and h are the scale factors, b, d and i are the shape factors,
and CðxÞ is the gamma function. Also, Efhg ¼ ab, varfhg ¼ ab2,
EfbRg ¼ cd and varfbRg ¼ cd2, and EfbMg ¼ hi and varfbMg ¼ hi2.

Substituting the gamma densities in Eq. (7) leads to:
Table 3
SNR average in dB, standard deviation (STD) and relative computational time (CT) for sim

Method R = 2, SNRA ¼ 20 dB R = 2, SNRA

SNR STD CT SNR

JMAP 12.7 11.6 31.8 14.4
L-MD 23.9 1.7 27.3 22.7

KNOWN 24.1 0.3 1.0 28.2
PROP-1 24.3 0.5 25.5 28.1
PROP-2 24.3 0.5 1.5 28.1

Table 4
SNR average in dB, standard deviation (STD) and relative computational time (CT) for sim

Method R = 2, SNRA ¼ 20 dB R = 2, SNRA

SNR STD CT SNR

JMAP 19.3 5.9 39.0 20.9
L-MD 20.3 3.7 36.1 22.5

KNOWN 22.1 0.4 1.0 27.3
PROP-1 23.1 0.5 32.7 27.2
PROP-2 23.1 0.5 3.3 27.2

Table 5
SNR average in dB, standard deviation (STD) and relative computational time (CT) for sim

Method R = 2, SNRA ¼ 20 dB R = 2, SNRA

SNR STD CT SNR

JMAP 10.4 11.8 36.1 19.1
L-MD 16.2 6.6 40.4 25.8

KNOWN 20.9 0.3 1.0 28.9
PROP-1 22.1 0.4 26.7 27.3
PROP-2 22.1 0.4 1.8 27.3

Table 6
SNR average in dB, standard deviation (STD) and relative computational time (CT) for sim

Method R = 2, SNRA ¼ 20 dB R = 2, SNRA

SNR STD CT SNR

JMAP 11.2 11.4 18.7 11.2
L-MD 17.8 4.2 17.5 24.1

KNOWN 20.1 0.4 1.0 25.4
PROP-1 21.7 0.5 21.8 24.3
PROP-2 21.7 0.5 2.9 24.3
f̂ ; ĥ; b̂R; b̂M ¼ arg min
f ;h;bR ;bM

kg � Df k2
2

2h
þ LN

2
� aþ 1

� �
ln h

þ h
b
þ kRf k2

2

2bR
þ r

2
� c þ 1

� �
ln jbR þ

bR

d
þ kMf k2

2

2bM

þ m
2
� hþ 1

� �
ln bM þ

bM

i
þ cte ð21Þ

Note that when a ¼ LN=2þ 1, c ¼ r=2þ 1 and h ¼ m=2þ 1, the
gamma density has nearly the same shape as the chi-squared den-
sity. These values for a, c and h will be used in our development,
they provide a sufficient condition to achieve a globally convex
problem. The b, d and i will be replaced by expressions involving
ultaneous SR algorithms applied to video sequences with outlier detection on.

¼ 40 dB R = 3, SNRA ¼ 30 dB

STD CT SNR STD CT

10.8 27.4 18.8 4.0 24.1
5.7 47.6 18.6 5.4 22.2

0.7 1.0 23.6 0.4 1.0
0.7 29.1 24.0 0.4 23.3
0.7 2.2 24.0 0.4 4.4

ultaneous SR algorithms applied to video sequences with outlier detection off.

¼ 40 dB R = 3, SNRA ¼ 30 dB

STD CT SNR STD CT

7.0 21.8 13.0 11.6 33.8
5.5 30.1 20.4 3.6 32.6

0.6 1.0 23.3 0.3 1.0
0.7 28.0 23.4 0.4 26.2
0.7 2.5 23.4 0.4 4.2

ultaneous SR algorithms applied to artificial sequences with outlier detection on.

¼ 40 dB R = 3, SNRA ¼ 30 dB

STD CT SNR STD CT

8.3 16.0 11.2 10.9 17.7
2.5 10.4 21.2 0.5 19.7

0.6 1.0 21.6 0.3 1.0
0.6 12.0 21.7 0.3 14.3
0.6 2.0 21.7 0.3 3.3

ultaneous SR algorithms applied to artificial sequences with outlier detection off.

¼ 40 dB R = 3, SNRA ¼ 30 dB

STD CT SNR STD CT

13.6 36.4 13.7 9.5 54.3
0.5 22.2 17.3 3.3 30.6

0.5 1.0 19.9 0.4 1.0
0.6 31.8 20.2 0.5 32.5
0.6 3.0 20.2 0.5 3.5
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the expected values of the hyperparameters, namely
b ¼ Efhg=a ¼ mh=a, d ¼ EfbRg=c ¼ mbR

=c and i ¼ EfbMg=h ¼ mbM
=h.

Assigning the mentioned values for a, b, c, d, h and i, and applying
some algebra, Eq. (21) reduces to:

f̂ ; ĥ; b̂R; b̂M ¼ arg min
f ;h;bR ;bM

kg � Df k2
2

2h
þ hðLN þ 2Þ

2mh
þ kRf k2

2

2bR

þ bRðr þ 2Þ
2mbR

þ kMf k2
2

2bM
þ bMðmþ 2Þ

2mbM

ð22Þ

Differentiating Eq. (22) with respect to the hyperparameters, for
fixed f , leads to the following estimative

ĥ ¼
ffiffiffiffiffiffi
mh
p kg � Df k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

LN þ 2
p

b̂R ¼
ffiffiffiffiffiffiffiffi
mbR

p kRf k2ffiffiffiffiffiffiffiffiffiffiffi
r þ 2
p ; b̂M ¼

ffiffiffiffiffiffiffiffiffi
mbM

p kMf k2ffiffiffiffiffiffiffiffiffiffiffiffiffi
mþ 2
p

ð23Þ

Substituting the results in (23) into (22), gives

f̂ ¼ arg min
f
kg � Df k2 þ lRkRf k2 þ lMkMf k2 ð24Þ
Fig. 1. Visual results comparing classical JMAP and th
where

lR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mhðr þ 2Þ
mbR
ðLN þ 2Þ

s

lM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mhðmþ 2Þ

mbM
ðLN þ 2Þ

s ð25Þ

Considering the gradient of the cost function in (24), the solu-
tion of this optimization problem is found when

DT Dþ lR
kg � Df k2

kRf k2
RT Rþ lM

kg � Df k2

kMf k2
MT M

� �
f ¼ DT g ð26Þ

which can be expressed as:

ðDT Dþ kRRT Rþ kMMT MÞf ¼ DT g ð27Þ

where the parameters are defined by

kR ¼ lR
kg � Df k2

kRf k2

kM ¼ lM
kg � Df k2

kMf k2

ð28Þ
e proposed method in two different repetitions.



Fig. 2. Visual results showing the effect of the estimated kR.
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The values of lR and lM can be chosen from average values, as
in (25), or from an analysis of the estimation error, which gives

lR ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðDT DÞ

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðRT RÞ

q

lM ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðDT DÞ

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðMT MÞ

q
ð29Þ

The choice of these values, based on the estimation error, is ad-
dressed in (Zibetti et al., 2008b; Zibetti, 2007).

3.3. Proposed optimization methods

The proposed method involves a convex4 cost function with a
unique minimum. There are two possible approaches to minimizes
(24).

The first approach is based on an alternate procedure which
interchange between estimating the parameters, using (28) with
the current HR images, and estimating the HR images, solving (5)
with the new parameters. In order to find the solution of (5), one
can use the conjugate gradient (CG) algorithm (Vogel, 2002; Golub
and Loan, 1996). The CG is an efficient iterative algorithm to min-
imize quadratic problems, in which the minimum is the solution of
a linear system. Also, this procedure is interesting because CG is
available in several computational packages and mathematics soft-
wares. This approach is presented in Table 1, and is an alternative
not presented in (Zibetti et al., 2008c).

We observe in Table 1 that the HR image estimation step is pro-
vided by the iterative algorithm CG which is inside the main loop,
thus, repeated at each iteration of the main loop. An alternative ap-
proach is to locate the parameter estimation inside the CG loop.
This gives raise to our second approach, described next.
4 The ‘2 norm is a convex operator.
The second approach, proposed in (Zibetti et al., 2008c), is based
on a direct minimization of the cost function in (24) using the non-
linear conjugated gradient (NL-CG) (Vogel, 2002). Since the mini-
mum in (24) is no longer a solution of a linear problem, we need
to adopt another optimization method, in which the non-linear
conjugate gradient is a natural candidate. Different from the linear
CG, the non-linear version need to be adapted to the problem at
hand, which involves the calculus of the gradient of the cost func-
tion and the definition of a particular step search method (Vogel,
2002; Barrett and Myers, 2004). All the above issues are addressed
in our second approach which is described in Table 2, in order to
make implementation easier. Observe from this table that the reg-
ularization parameters are re-estimated in each iteration. This sec-
ond approach has shown to be much faster than the first one, as
reported in Section 4.
4. Experiments

The following experiments evaluate the performance of the
simultaneous SR algorithms with known fixed parameters and
with automatic determination of the parameters. Given a HR
image sequence, with known or previously estimated motion,
the simulated acquisition process was performed by employing
the average of a squared area of R� R pixels using two sub-
sampling factors R ¼ 2;3, and an additive white Gaussian noise
with variance adjusted to achieve a fixed SNR5 (Bovik, 2000).
Three situations were considered: high acquisition noise, with
SNRA ¼ 20 dB; medium noise, with SNRA ¼ 30 dB; and low noise,
with SNRA ¼ 40 dB. These noise levels are the typical levels
found in commercial image sensors6 (Gamal and Eltoukhy,
2005).
The acquisition SNR is defined as SNRA ¼ 10log10 rDf =rg , where rDf is a LR
noise free sequence variance and r2

g is the noise variance.
6 Typical acquisition SNR may vary from 10 to 40 dB, depending on the exposure.
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The quality of the HR sequence recovered with the tested meth-
ods is measured in terms of SNR. Computational effort of each
method was evaluated by considering the time it takes for conver-
gence, where convergence is assumed to be reached when the
improvement in quality is less 10�2 dB.

This procedure was repeated using 15 random noisy realiza-
tions for each noise level. The entire experiment was repeated
for each image sequence of a total of six different image se-
quences. In one group of three sequences, the motion was artifi-
cially generated by shifting the image (translational motion) and
artificial outliers were included in the scene. The other group of
three sequences are sequences from standard real video. We
chose the well known sequences carphone, flower garden and mo-
bile calendar. The motion was estimated using the optical flow
method (Horn and Schunck, 1981). In this case, linear interpo-
lated versions of the LR images were employed. The estimated
motion vectors are not completely reliable in this case, therefore,
occlusions and motion errors occur in several places in the
sequence.

In this experiment, the effect of the detection and removal of
the occlusion regions was considered to contrast the performance
of the methods in controlling the similarity of the images with and
without outliers.

The following methods were compared:
Fig. 3. Visual results showing th
JMAP: The classical JMAP approach (Mohammad-Djafari, 1996)
as Eq. (15), using conjugate gradient method to find the HR
images with (14) to update the parameters.
L-MD: The method in (Belge et al., 2002), based in the L-curve,
designed for multiple parameters in general inverse problems.
PROP-1: Proposed method with the alternated procedure, as
shown in Table 1.
PROP-2: Proposed method with direct minimization using CG-
NL, as shown in Table 2.These methods are iterative. The same
initial conditions are considered: the initial HR image is a null
image, and the initial parameters is randomly chosen from
10�6 to 106. In addition to these methods, the results obtained
by the following pre-determined parameter were also
compared:
KNOWN: Employs the MAP estimative where the parameters
are known a priori. Since the noise and the original HR images
are known in the experiments, the hyperparameters are com-
puted without difficulties. This method is used as reference
only. It cannot be used in practice since neither the parameters
nor the HR images are known a priori.

The average quality of the estimated images with the parame-
ters found by the respective method, its standard deviation, and
the relative computational time (with respect to KNOWN) are
e effect of the estimated kM .
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shown in Tables 3–6. One can observe in all tables that the quality
obtained by the proposed method was superior to the obtained by
KNOWN, JMAP and L-MD. Moreover, the results illustrate the low
computational cost provided by the proposed PROP-2 method,
which is faster than the classical JMAP.

It is important to observe that the results provided by KNOWN
are not necessarily the best results. One of the reasons for that in
the modeling mismatches related to the gaussianity assumption
for the motion error and spatial differences. An extensive search
for the best parameters should be done in order to find them. How-
ever, this is a very time consuming task for more than one param-
eter in SR algorithms.

Fig. 1 illustrates the instability of the JMAP and of the L-MD. On
can observe that in repetition 1 all three methods converged to a
good solution. However, in repetition 2 the JMAP and L-MD estima-
tion diverged. Both methods diverged to a very smooth image be-
cause the regularization parameter related to the image
smoothness diverged toward infinity.

4.1. The choice of the parameters in simultaneous SR with the
proposed method

This section shows some visual results and the estimated
parameters according to the image sequence. In general, the
estimated kR should be small when the capture sequence has lower
acquisition noise or when the images are not very smooth.

In Fig. 2 one can observe some result with the tested methods,
image and parameters, for very large noise and very little noise. In
general, when larger noise exist in the data, a larger smoothing
parameter is required, while when small noise exist in the data,
Fig. 4. Visual results comparing the original frame of the sequence Flower Garden wi
the smoothing parameter can be small either. In this sense, the
proposed method performed as expected, thought somewhat
limited.

Observe that for the very hard noise case ðSNRA ¼ 10 dBÞ, the kR

of the proposed method was slightly smaller than the one sug-
gested by the reference KNOWN, making the result of PROP less
smooth than the one provided by KNOWN. On the other hand,
for the very low noise case ðSNRA ¼ 45 dBÞ, the kR of the PROP
was bigger than the one suggested by KNOWN, which makes the
result smoother than KNOWN. This is an expected behavior, since
the proposed method is based on a constraining of the hyperpa-
rameters using gamma hyperpriors.

Even though subjective, one may notice in Fig. 2, that the level
of ‘‘smoothness” of the results are nearly the same for the PROP, no
matter the level of noise, while the KNOWN unequivocally pro-
duced a smoother image when there is large noise in the data
and a lesser smooth image when there is low noise in the data.

From the motion point of view, the estimated kM should be
small when the sequence has lower similarity in the motion trajec-
tory, or it is corrupted by motion outliers, or else, when there are
errors in the estimated motion vectors. A lower kM mitigates the
appearance of artifacts caused by lacking of similarity in the mo-
tion trajectory. In the particular case of the motion outliers, when
they are properly detected and removed, then kM can be large,
since the rest of the image sequence is assumed to be similar in
motion trajectory.

Fig. 3 illustrates the results, image and parameters, for a se-
quence with motion outliers detection activated and deactivated.
In this scene, the outlier regions are the regions covered by the
black circle, which follows a different and unknown motion. Note
th the same frame, where a resolution improvement factor of R = 3 was applied.
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that when detection is deactivated, the proposed method reduced
the value of kM to avoid distortions caused by the outliers (Zibetti
and Mayer, 2007), while when the detection is activated, the pro-
posed method increased the value of kM in order to increase the
similarity of the frames in the motion trajectory. Following the
behavior of the smoothness parameter, the proposed method con-
strains the choice of the motion parameter.

4.2. Example with practical SR algorithm

Fig. 4 shows a result without artificial degradation and recover-
ing, using R ¼ 3. For this visual experiment, the original sequence
is assumed to be the captured sequence and used as test problem
for the simultaneous SR method with occlusion and motion error
detection and removal (Hasler et al., 2003) procedures. The
enhancement of the resolution of the SR method over the original
image can be clearly noticed. The regularization parameter was
determined by the proposed method.

5. Conclusions

In this paper, an automatic determination of regularization
parameters method is proposed for the class of regularized simul-
taneous super-resolution techniques. The problem of parameters
and image sequence estimation has been addressed with the
Bayesian theory, using joint maximum a posteriori (JMAP) estima-
tion. A gamma density is proposed for the hyperparameters in or-
der to provide a globally convex cost function, resulting in a unique
solution. The proposed method provides a computational cost sim-
ilar to the method with fixed parameters. We provide a compre-
hensive set of experiments to illustrate the superior efficiency
and stability of the proposed technique when compared with other
competing methods.
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